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Abstract. Non-proportionality of straining, initial texture and hardening have been 
investigated in a ferritic steel polycrystal within a crystal plasticity finite element framework. 
Two extreme forms of hardening are investigated; namely, isotropic latent-hardening and 
anisotropic self-hardening. Dislocation density evolutions on all independent slip systems 
have been calculated in order to investigate the establishment of dislocation distributions and 
evaluate their dependence on non-proportionality, hardening, texture and predicted ductility. 
The results show that non-proportionality effects are more pronounced under isotropic latent-
hardening as opposed to anisotropic self-hardening especially under non-proportional 
uniaxial strains. 
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This paper provides an overview on the effects of non-proportionality of strain, its 
link with texture, dislocation distributions and their consequent effects on predicted ductility 
in ferritic steel polycrystals within a crystal plasticity finite element framework. Two initial 
textures are incorporated within a polycrystal and investigated under two hardening forms 
(anisotropic self- and isotropic latent-hardening). The formation of dislocation distributions 
under non-proportional strain paths is evaluated and in addition, ductility is predicted using a 
proposed failure criterion for various non-proportional strain paths. The motivation for this 
study lies in further understanding the mechanisms that drive non-proportionality effects in 
ferritic steel. 
Sheet processing is an important stage in the manufacturing of automobiles. Ideally, 
strains are applied to sheets within an established strain safe region commonly described by a 
forming limit diagram (FLD) [1]. The limit diagram represents a safety curve above which 
the material is considered necked a below which, safe straining is assumed. Empirical 
evidence suggests that subjecting metals to a non-proportional strain path enables higher 
levels of strain to be achieved. Conversely, premature failure may also occur when a counter-
beneficial strain path is employed. Limit strains are obtained experimentally by using a 
hemispherical punch-stretching test on carefully marked flat metal sheets until the onset of 
necking is observed. However, due to associated costs, FLDs are predicted computationally 
by evaluating the onset of strain instabilities within the material on the basis of localization 
criteria.  
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Numerous techniques have been reported and implemented to predict limit strains 
within phenomenological and crystal plasticity frameworks [2-4], [5], [6] [7-10]. However, 
these studies have centered on predicting FLDs under proportional strains and have not 
investigated the effects of strain non-proportionality on ductility in the context of hardening, 
and texture. Similarly, studies on dislocation structures in polycrystals undertaken within 
phenomenological and crystal plasticity frameworks also lack information in predicting 
response to non-proportional strains [11-14]. 
In this paper, two hardening models are investigated; self- and isotropic latent-
hardening models adopted from [15]. A failure criterion implemented within a crystal 
plasticity framework is coupled with these hardening models and a representative oligocrystal 
is used to investigate the response of ferritic steel to non-proportional strain paths. The 
development of dislocation distributions is shown and the effect of texture on predicted 
ductility in ferritic steel is presented. 
 
2. Crystal plasticity framework, hardening model and dislocation distributions 
 
The crystal plasticity framework used here is based on the kinematic decomposition 
of the deformation gradient into elastic (F*) and plastic (Fp) tensors laid out by [16] and 
implemented into a VUMAT (see [17] for an overview).  
2.1. Hardening model and dislocation distributions 
 
On the basis that non-proportionality effects in polycrystals result from the formation 
of dislocation distributions that are strain path dependent, dislocation evolution on slip 
systems in the polycrystal is tracked within a crystal plasticity framework. Dislocations are 
calculated based on the hardening developed on each slip system. The hardening law adopted 
by [15] and others [7] and  [8] has been employed in this study. Consider the slip system 
strength g, also indicative of the resistance to dislocation motion calculated such that the 
hardening modulus h0, and fitting parameter, m are determined for a particular BCC steel 
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The physical relationship between slip system strength and dislocation density is given by 
0  =  + 
α αg g β ρ .      (4) 
where the density of dislocations on each slip system is calculated based on an initial value of 
strength for a particular slip system and updated based on eqs. (1) – (4). The two forms of 
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hardening considered here are isotropic latent-hardening and anisotropic self-hardening. 
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 A second possible form is termed self-hardening. In this case, the slip resistance only 





γ = (1+ )  
. .
α m αhg h γ
τ m .     (6) 
The behavioral trend observed experimentally shows that mixed forms of hardening typically 
develop in polycrystals. However, implementing these two forms of hardening (anisotropic 
self- and isotropic latent) provide an insight into dislocation responses as well as failure 
prediction in ferritic steel polycrystals. Another form of hardening not investigated here is a 
form of latent hardening in which hardening on active slip systems result in more hardening 
on the inactive systems. Investigations have shown that the predicted response is similar to 
isotropic latent-hardening adopted here [18]. Also, the authors are aware of more advanced 
dislocation models to predict dislocation evolution on slip systems [19]. However, this simple 
phenomenological model has been adopted in this paper for investigatory purposes prior to 




The investigation of dislocation distributions formed upon straining a polycrystal 
provides a basis for justifying the effects of non-proportionally straining BCC polycrystals. 
Apart from texture which also accounts for non-proportionality effects (usually in the form of 
higher or lower ductility), the possibility of evaluating dislocation distributions provides an 
insight into potential strain paths that will exhibit clear differences in terms predicted 
ductility. Since all the straining is applied in the 1-2 plane, the distributions are generated by 
rotating all slip directions in each grain of the polycrystal into the 1-2 plane and averaging 
dislocation densities, binned based on the angle θ  between the rotated slip vector and the 











N   .     (7) 
grainsN  and slipN  represent the number of grains in the oligocrystal and the number of slip 
directions in each grain respectively and avgθρ denotes the average density of dislocations of 
orientation θ   based on the summation of binned slip direction densities totθρ  and the total 
number of slip directions within each grain that fall within the cutoff criterion of 1 degree, 
θN . 
 
2.2. Material properties 
 
The material properties used in the slip rule and hardening model have been 
determined for a ferritic steel using a representative volume element with 216 randomly 
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oriented grains under uniaxial loading conditions, illustrated in Fig. 1a. The yield strength 
and isotropic hardening properties were chosen in order for the macroscopic stress-strain 
response from the polycrystal shown in Fig. 1b to match experimental observations for the 
ferritic steel considered. Furthermore, strain rate effects have been neglected since they are 
likely to be negligible at room temperature for ferritic steel and the rate sensitivity parameter, 
n, in the slip rule has been chosen appropriately for this purpose. The macro-mechanical 
properties for the ferritic steel being considered and the material properties used in the 
simulations are given in Table 1.  
 
2.3. Body centered cubic system (BCC) slip 
 
The twelve slip systems, {110}<111>, present in BCC crystals have been 
incorporated into an ABAQUS user material subroutine and used in all simulations. It has 
been shown that texture and stress response in BCC metals can be adequately predicted using 
the {110}<111> set of slip systems [20, 21]. An earlier study by [22] on dislocation evolution 
in Niobium crystals investigated the relative roles of the BCC slip system families and 
concluded that using the first 24 slip system families provided the closest agreement to 
experimental data. It can however be drawn from that study that the error associated with the 
prediction using the first 12 slip systems is moderate. Hence, due to the numerous number of 
simulations to be undertaken in this paper and for computational efficiency, the full 48 slip 
systems, which consist of {112}<111> and {123}<111> slip systems in addition to the 
{110}<111> slip systems have not been accounted for in this present work. 
 
3. 3-D model development, localization criterion and measure of non-proportionality 
 
This section outlines a description of the models adopted in this study. Further, the 
initial textures used in this paper are shown, boundary conditions are outlined, the 
localization criterion adopted is validated and non-proportional strain paths are illustrated. 
 
3.1. 3-D model development 
 
The model adopted in this paper has 216 grains, each grain consisting of 3 3 3   
C3D8R elements shown in Fig. 2. In all simulations, displacement is applied to the in-plane 
surfaces (positive 1- and 2- surfaces), and the back surfaces are constrained to remain planar. 
Also, the positive 3- surface is constrained to remain planar. 
 
3.2. Initial texture 
 
Two textures are adopted in this paper. An initially randomly oriented texture (R-1) 
has been investigated as shown by the pole figures in Fig. 3a and a measured ferritic steel 
(FS-1) texture is also evaluated (Fig. 3b). Texture R-1, computationally generated, gives a 
general insight into material behavior while FS-1, shows the effects of directionality typically 
present in rolled sheet metals. 
 
3.3. Localization criterion 
 
The onset of necking is determined by evaluating local critical grains developing 
plastic strains in the polycrystal model based on the increments of plastic strain between tn 
and tn+1, normalized with respect to the macro plastic strain increment within the 
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corresponding deformation states. This criterion is similar to the combined approach adopted 
by Volk and Hora [9] in which the onset of instabilities within a polycrystal is evaluated by 
tracking plastic strain increments during a deformation history on the basis of experimental 
knowledge of fracture point. The failure criterion utilized here is fully outlined and calibrated 
in [23]. 
 
Validation of failure criterion under proportional strain paths 
 
The forming limit curve under proportional strain paths has been predicted by 
subjecting the polycrystal in Fig. 2a to a range of proportional strain paths. These 
proportional strain paths (A-E) shown in Fig. 4a were applied to the positive 1- and 2- 
surfaces of the polycrystal and the onset of localization along each path based on the 
normalized, incremental average plastic strain is indicated in Fig. 4b. The predicted limit 
strain curve for the Numisheet 2008 BM 1 ferritic steel [24]  is compared to its 
experimentally obtained response [9]. As seen in Fig. 4b, a close agreement is observed and 
on this basis, the failure criterion will be used to predict limit strain under non-proportional 
strain paths. 
. 
3.4. Non-proportional strain paths adopted 
  
The primary purpose of this paper is to investigate the response of ferritic steel 
polycrystals to non-proportional strain paths such as that shown in Fig. 5. The notation is 
such that proportional biaxial and uniaxial strain paths are represented by B-1 and U-1 
respectively. Both proportional strain paths are encompassed by a range of non-proportional 
paths consisting of two stages. Consider path B-2 which represents a non-proportional biaxial 
strain path and consists of B-2a and B-2b that terminate at a biaxial state (B). Similarly, U-5 
represents a non-proportional uniaxial strain consisting of plane strain tension followed by a 
plane strain compression to a final uniaxial state (U).  
 
The positive 1- and 2- surfaces of the polycrystal in Fig. 2 have been subjected to the 
individual strain paths in Fig. 5 and the results are discussed next. 
 
4. Effects of  texture, hardening and non-proportionality on limit strain in BCC 
polycrystals 
 
The coupled effects of non-proportionality, texture and hardening on predicted 
ductility is discussed in this section. Firstly, formed dislocation distributions based on the slip 
system binning methodology outlined earlier is shown schematically for non-proportional 
biaxial strain paths on the basis of anisotropic self-hardening. Subsequently, the distributions 
are shown graphically in more details for both cases of hardening- anisotropic self- and 
isotropic latent-hardening. And finally, the effects of non-proportionality on predicted 
ductility are presented on the basis of a failure criterion fully outlined in [23]. 
The term dislocation distributions and its link with non-proportionality is a concept 
used continuously throughout this paper. Since dislocation evolution is accounted for on each 
slip system within the crystal plasticity framework, it is possible to classify similarly oriented 
slip systems within a polycrystal and to schematically show the density of dislocations. On 
the basis of the dislocation binning methodology outlined in the previous section, similarly 
oriented slip systems are shown in Fig. 6 for a through section of a polycrystal subjected to 
proportional and non-proportional biaxial strain B-1 and B-4 respectively (illustrated in Fig. 
5). Note that B-1 represents proportional biaxial strains while B-4 consists of consecutive 
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plane strain phases in the 1- and 2- directions to achieve a final biaxial state. A cutoff 
criterion of 10 degrees has been adopted in Fig. 6 and the strain-path based distribution of 
dislocation within the polycrystal is shown for angular ranges between 00 and 1800. It is clear 
that different dislocation distributions result within the polycrystal at the final biaxial state. 
Although, evaluating the effects of these distributions on non-proportionality behavior 
remains unclear, it is worth investigating since it can provide insight into particular observed 
responses. To provide a clearer overview on strain-path based response to non-proportional 
strains, the average binned dislocation density on similarly oriented slip systems throughout 
the polycrystal will be subsequently shown graphically.  
 
Fig. 7 illustrates the dislocation distribution for non-proportional biaxial strain under 
anisotropic self- and isotropic latent-hardening. Consider Fig. 7a which shows dislocation 
distribution responses for texture R-1 at the final biaxial state for non-proportional strain 
paths B-1, B-3 and B-4, it is seen that the dislocation distribution response to the various 
strain paths are similar. However, in comparison with Fig. 7b, clearer differences in response 
are seen even at an identical biaxial state and at considerably low strains (25%). Consider the 
initially textured polycrystal denoted by FS-1, a similar response is observed under both 
forms of hardening, but a significantly higher dispersion is observed at higher angles under 
isotropic latent-hardening.    
 Fig. 8 shows the dislocation distribution responses for textures R-1 and FS-1 at a final 
uniaxial state for strain proportional strain path U-1 and a range of non-proportional paths U-
3, U-4 and U-5 (illustrated in Fig. 5). Consider Fig. 8a and 8b in which the response of the 
polycrystal with initially random texture R-1 is shown for the case of anisotropic self- and 
isotropic latent-hardening respectively. The differences in dislocation distributions are clearly 
seen for the range of non-proportional paths under isotropic latent-hardening as opposed to 
anisotropic self-hardening. This can also be observed in Fig. 8c and 8d for ferritic steel 
texture FS-1 under both hardening forms respectively.  
By comparing the dislocation distribution responses to biaxial and uniaxial strain 
paths, it is clear that the effects of non-proportionality are more visible under uniaxial strain 
paths and more so, under isotropic latent-hardening. The symmetry associated with biaxial 
strain arguably results in less pronounced differences in dislocation distributions at the final 
biaxial state. But, it is imperative to investigate ductility and evaluate the effects of non-
proportionality. An important question that arises is whether larger differences in ductility are 
achievable under non-proportional uniaxial strains as against biaxial strains on the basis of 
the formed dislocation distributions. 
 The ductility (based on the average plastic strain in the polycrystal) under non-
proportional strain paths are shown below for textures R-1 and FS-1 under both forms of 
hardening. Consider Fig. 9a and 9b which shows the predicted ductility for both initial 
textures under isotropic latent-hardening and anisotropic self-hardening respectively. Here, 
minor deviations from proportionality indicated by non-proportional paths B-3 and U-3 
previously illustrated in Fig. 5 are compared with their corresponding proportional strains B-
1 and U-1.  
 
In both hardening cases, clear differences are observed under non-proportional 
uniaxial strain paths as opposed to biaxial strains for minor deviations from proportionality. 
However, consider Fig. 9a in which the predicted ductility is shown for both textures for 
strain paths B-1 and B-3. It can be clearly seen that the ductility achieved by ferritic steel 
texture FS-1 is higher than the initially random texture R-1 under proportional biaxial strains. 
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In addition, an increase in ductility is achieved by subjecting texture FS-1 to non-proportional 
strain path B-3 as against the moderate change observed in texture R-1. It is therefore 
plausible to argue that texture affects achievable ductility under non-proportional paths and 
there exists a possibility of designing a suitable starting texture in addition to a favorable 




The effects of straining ferritic steel polycrystals under non-proportional paths have been 
investigated within a crystal plasticity finite element framework incorporating a hardening 
law to impose isotropic latent-hardening and (anisotropic) self-hardening respectively.  
Systematic studies have also been carried out for polycrystal aggregates in order to 
investigate the effects of initial texture in combination with non-proportionality. Also, 
ductility under non-proportional strain paths has been predicted. The results show that; 
 
- The differences in dislocation distributions formed under isotropic latent-hardening 
are more pronounced in comparison to anisotropic self-hardening for non-
proportional biaxial strain paths and similarly for uniaxial strains.  
- Non-proportionality, texture and the nature of the hardening affect the predicted limit 
strain and increases in ductility are more apparent under non-proportional uniaxial 
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Table 1 Material properties of ferritic steel obtained from experiment and used to fit simulation parameters 
Experiment Simulation parameters 
Yield strength 150 MPa  1010m-2  211GPa 
Tensile strength 380 MPa  50  0.3 
Elastic modulus 211GPa  1s-1  70MPa 








Fig. 1. Systematic determination of material properties (a) uniaxial loading on RVE (b) averaged RVE stress-strain response 
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Fig. 2. The oligocrystal used in the simulations (showing 216 grains).The negative 1-, 2- and 3- surfaces are always 
constrained such that displacements in these directions are zero. Strain paths shown in Fig. 2 are applied to the positive 1- 
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Fig. 4. Prediction of limit strain (a) schematic of proportional strain paths used to validate the failure criterion (b) 
comparison of limit strains predicted using the computational model as against experimental results from Volk and Hora [9] 
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atic representation of dislocation distribution for texture R
-1 subjected to non-proportional strain paths to biaxial tension state. N
ote that the angle ranges indicate dislocation 
densities on sim
ilarly oriented slip system
s w
ithin the polycrystal binned at 10 degree intervals.  
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Fig. 7 Dislocation distribution for textures R-1 and FS-1 under non-proportional strain paths to biaxial tension state. (a) 
dislocation distribution for R-1 at biaxial state under anisotropic self-hardening, (b) dislocation distribution of R-1 at final 
biaxial tension state under isotropic latent hardening (c) dislocation distribution for FS-1 at biaxial state under anisotropic 



















Fig. 8 Dislocation distribution for textures R-1 and FS-1 under non-proportional strain paths to uniaxial tension state. (a) 
dislocation distribution for R-1 at uniaxial state under anisotropic self-hardening, (b) dislocation distribution of R-1 at final 
uniaxial tension state under isotropic latent hardening (c) dislocation distribution for FS-1 at uniaxial state under anisotropic 
self-hardening, (b) dislocation distribution of FS-1 at final uniaxial tension state under isotropic latent hardening. 
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Fig. 9. Comparison of predicted ductility achieved under proportional biaxial (B-1) and uniaxial (U-1) strain paths as against 
the non-proportional cases indicated by B-3 and U-3 respectively. (a) under isotropic latent-hardening (b) anistropic self-
hardening 
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